FURTHER MATHS AS LEVEL AQA

1. Proof

Proof by Induction
e Step 1:Show that the rule works for the first valuee.g.n=1
e Step 2 : Make a statement : Assume that the result holds for n = k
e Step 3 :Show that the results holds forn=k + 1
Summation of a series
n
Example Prove by induction that Y, 1% = %(n +1)2n+1)
r=1
Step 1 : Check for n=1
LHS: 12 =1 RHS:=x2x3=1

So the formula is true for n=1

k
Step 2 : Assume that the result holds for the k' step, when n=k then Y}, r? = g(k +1)(2k+1)
r=1

Step 3 : Show that the results holds for k + 1 Take out any common factors as

k+1 k k+1
Yr2=Yr2+(k+1)? so Yr?= E(k + 12k + 1) + (k + 1)2 soon as you can as you work — not
r=1 r=1 r=1 6 a good idea to expand and simplify

- (k+1) ((g) 2k +1) + (k + 1)) fully before looking for factors

_ (k+1)

- (2k? + 7k + 6)

This matches the formula with
n replaced by k+1. e D (e +1) + 1)@k +1) +1)

If the statement is true for n = k then it is also true for n = k+1.
As the statement is true for n =1 it must be true foralln>1

Multiples

Example Prove by induction that 9" —1 is a multiple of 8
Step 1 : Check for n=1 9! -1 = 8 which is a multiple of 8

Step 2 : Assume that the result holds for a value n = k
Then 9%- 1 = 8m where mis an integer

Step 3 : Show that the results holds for k + 1
9k1-1=9kx9-1 but 9=8m+1
s09'-1=(8m+1)x9-1
=72m+9-1
=8(9m+1) so 9—1salso a multiple of 8

If the statement is true for n = k then it is also true for n = k+1.
As the statement is true for n = 1 it must be true foralln>1
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2. Complex Numbers

z=a+ib i = -1 2= —1

real imaginary

Addition and Subtraction
(2+3i)+(5-2i) =7 +i (add/subtract real part then imaginary part)

Multiplication - multiply out the same way you would (x - 2)(x + 4)
EXAMPLE (2 -3i)(6 +2i) =12 +4i —-18i —6i’
=12-14i+6
=18 - 14i

Complex Conjugate z2*
If z=a+ib then its complex conjugate is z* =a—ib
always collect the ‘real’ and ‘imaginary’ parts before looking for the conjugate

Solving Equations - if two complex numbers are equal, their real parts are equal and their imaginary parts are
equal.
EXAMPLE Find z when 5z —2z* = 3 — 14i
Letz=x+iyand so z*=x—iy
5(x +iy)-2(x-iy) =3 —14i
3x+7iy=3—-14i
Equating real : 3x =3 so x=1
Equating imaginary : 7y = -14 so y=-2 z=1-2i

Quadratic equations — ax? + bx + ¢ =0 (where a,b and c are real)
If b2 —4ac <0 then the equation has 2 complex roots which will be complex conjugates
EXAMPLE Solve 4x2+2x+1=0 a=4 b=2c=1
—24+V22—4x4x1

2x4
x=—2i\/—12 x=—li—3i
8 47 4
Cubic equations— ax® +bx?*+cx+d=0
3 real roots
1 real root and 1 pair of complex conjugate roots
EXAMPLE

The cubic equation ax® + bx? + cx + d = 0 has roots x = 2 and x = 1-2i and a third root. Find the value of
the constants a,b,c and d

Third root is 1 + 2i (complex conjugate)

(x-2)(x—(1-2i)(x—(1+2i) =ax® +bx* +cx +d (x=1+2i)(x—=1-2i)
=x2-X-2Xi -X +1 + 2i + 2Xi -2i + 4
(x-2)(x? - 2x + 5) =x’=-2x+5

=x3=2x%°+5x-2x° +4x - 10
=x3 4% +9x+ 10
a=1,b=-4, c=9, d=10

Quartic equations — ax* +bx®+cx* +dx +e=0
4 real roots
2 real roots and 1 pair of complex conjugate roots
2 pair of complex conjugate roots
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ARGAND DIAGRAMS
z=X+iy

2| = /x2+y?

arg

0= tan‘l(g)
e—-n<O<m 0

arg usually in radians wher
anti-clockwise from x axis

img

(x)=0

r

gives a positive argument

Modulus-Argument form z = r(cosf + isinf) where r = |z| and 6 = argz

EXAMPLE

Write the complex number z = 3 — 5i in modulus-argument form (radians to 2 d.p)

= VFETE
=34

0 = tan™1! (2)
6 =-1.03

z = V/34(cos (—1.03) + isin(—1.03))

Multiplying and dividing complex numbers

z, = r(cos0O, + isin0,)

Multiplication

z,z, =r,1,(cos (6, +0,) + isin(6, + 0,))

z, = 1,(cos 0, + isin0,)

L
real

it lies within the range

You may need to adjust the arg to ensure that

—n<f<m
5
—3m
4

Division
z r - _5r
= = 2(cos (6, — 0,) + isin (0, — 0,)) If 61 +6, ==
Z, ry
_-3m
LoCI 4
Circles
|z| =a circle radius a centre at the origin
|z—z1] =a circle radius a centre at z;

|z-5-3i| =4

|z—(5+3i)| =4 Centre5 +3i

radius 4

Half Lines - straight lines which start at a specific point and only have one direction.
arg z = 6 represents the half line starting at 0 inclined at an angle 0 to the positive x direction

arg(z — z1) = 6 represents the half line starting at z; inclined at an angle 8 to the positive x direction

EXAMPLE

N3
Forarg(z—3-2i) = Tn construct the locus of z

z=x+iy arg(z—(3+2i):‘%7r

N

g

+2i

3w

arg(x+iy—(3 +2i) = ”
-1 (¥z2) -3¢
tan (x—3) T4
Y2 _ 4
x—3
Xx+y=5
Restricted to x <3 and y >2
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Regions
If the complex locus is an inequality then it will describe a region

3w

<arg(z—-3-2i) < ”

ISH ]

3. Matrices

e Order of amatrix ‘mxn’ where mis the number of rows and n the number of columns
(If order is correct for a particular operation then matrices are described as conformable)

Zero Matrix — all elements are 0

Lo 10 0
Identity matrix 1 = [, 1] 01 0/ Al=1IA=1

0 0 1

1 4
Transpose of a matix AT write the rows as columns and the columns as rows Ll} 2 3] - [2 5]

Special result (AB)"=BT AT

Determinant — every square matrix has a determinant
- if determinant is zero the matrix is singular

2x2 M=[a b] detM=|a b|=ad—bc detM is the area scale factor
c d c d
a b c a b c

3x3 M:[d e f] detM=|d e f =a|Z ]_c|—b|d ];|+cd }el‘
g h i g h i ' g g

detM is the volume scale factor

Adding a scalar multiple of a row/column to another row/column does not change the determinant of the
matrix

Factorising the determinant
Works in same way as factor theorem if (x — a) is a factor of |[M| then |M| =0 whenx =0

a b c
EXAMPLE : Factorise the determinant of | bc¢ ca ab
b+c c+a a+b

a—b>b b c -1 b o
Cl=Cl1-C2 bc—ca ca ab = (b—a)|c ca ab
b—a c+a a+b 1 c+a a+b
-1 b—rc c -1 -1 c
C2=C2-C3 (b—a)|lc a(c—b) ab = (b—a)(c—Db)|c a ab
1 c—b a+b 1 1 a+b

0 0 a+b+c
R1=R1+R3 (b—a)(c—Db)|c a ab =(b—a)(c—=b)(c—a)(a+Db+0)
1 1 a+b
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Inverses A xA?l=1 (If a matrix is singular detA = 0 then it is not invertible (no inverse)

2x2 A:[a b] the inverse A= ——[ @ _b]
c d detAl—c a
a b c A =D G
3x3 M=[d e f] the inverse M= -B E —H
. detA
g h i c —-F 1|
_le f _df| _|d e| _|bc ja c
whereA—|g h‘ B—|g i C= g h D= g i E= g i| .....
4. Polynomials
Quadratics
For a quadratic equation  ax*+bx+c=0 with roots a and B
Sum of the roots a+[3=—§ Product of roots aﬁ=§

Once the value a + B and a3 have been found, new quadratic equations can be formed with roots :

Roots Sum of roots Product of roots
a? and b? (a+B)?—2ap (ap)?
a® and b3 (a+ B)2 —3af(a+p) (ap)?
1onal ath 1
a B ap ap

The new equation becomes x%— (sum of new roots)x + (product of new roots) =0

EXAMPLE Don't forget the "= 0"
The roots of the quadratic equation 3x? + 4x —1 = 0 are @ and 8
Determine a quadratic equation with integer coefficients which has roots a3B and (x[?)3

Stepl:a+ﬁ=—§ anda,8=—§ B 4 B 1
o+p = —-— af = - =
3 3
Step 2 : Sum of new roots a3p + af® = af(a® + p?)
== (@ +B)? - 2ap)
1(16 , 2
-—2(5+3)
22

27
Step 3: Product of new roots a3Baf® = (af)*
1

81
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Step 4 : Form the new equation  x? + %x + i =0 81x2+66x+1=0

CUBIC EQUATIONS  ax® + bx* + cx+d = 0 hasroots a, 8 and y

b a
a+f+y=—=  ap+Pytay=-  afy= —-

a

QUARTIC EQUATIONS (and beyond....) ax* +bx3+cx? +dx+e=0

Sa=-2 Yaf=< Tapy=-- Sapys =<

EXAMPLE

The quartic equation x* + 2x3 + 14x + 15 = 0 has one root equal to 1 + 2i. Find the other three roots.
As the coefficients are real, it follows that 1- 2i is also a root (complex conjugate)
Hence (x — (1 — 2i))(x — (1 + 2i)) is a quadratic factor of the quartic

x*+2x3+14x+15= (x> —2x +5)(x®> + ax + b)

Equating coefficients: 2=a—-2
a=4 15=5b
b=3
x4+ 2x3+14x+15= (k2 —2x+5)(x? +4x + 3)

the four roots are 1 + 2i, 1 - 2i, -3, and —1.

5. Series
Z”:;, _ J_”(” + l) Key Points Always look carefully at the limits
2 3
r=I1 n 2n 2n n
" Z 1 =n r3 — Z r3 _ ,r.3
i
Zr“ = 'En(nJr DN(2n+1) ren+1 =1 =1

r=l

=1
" ZSrz =52r2

3_1. 2 2
ZI = (n+1)

r=I

The method of differences
e Often seen as a 2 part question —i) show that ............ ii) hence find
e ALWAYS show clearly the cancelling process

Example

Express in partial fractions.

r(r+2)

Hence show that X% 1 __ _n@nts5)

T=lrr42) ~ 4(n+1)(n+2)

1 A B
r(r+2)_;+m A(T+2)+BT—1
1 1 1 1 1
A=7; B=-; r(r+2)  2r  2(r+2)
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n — —
r= 1r(r+2) 2(1) 2(3 2(2) ;_{4) }_{ ;_(5) %L) OoN 2—1 2(n+1) 2(n+2)

- E + Z - 2(n+1) - 2(n+2)

_3(n+1)(n+2)-2(n+2)—-2(n+1)

- 4(n+1)(n+2)

_ 3n249n+6-2n—4-2n—2
4(n+1)(n+2)

n(3n+5)
T 4(n+1)(n+2)

Maclaurin Series standard series given in the formula booklet
Example
Find the Maclaurin expansion of f(x) = In(1 + 2x) up to the x3 term.
State the range of values for which it is valid

2 3 3
IN(L+x)=x— >+ In(1 +2x) = (2x) — <2"> <2;‘>
=2x — 2x +%
In(1+x) valid for-1<x<1 In(1+2x) validfor-1<2x<1 so -%h<x<¥%

Deriving a Maclaurin series

" 2 " 3
f(x) = f(0) +f’(0)x+f (;)!)x i (30!)x ..........

Assumption
e f(x) can be expressed as f(x) = ao + a1x + axx> + asx’.......
e The series can be differentiated term by term
e The function f(x) and all of its derivatives existat x =0

If you are finding products of expansions check the range of values for which each is valid

Inequalities
Polynomials
Rearrange to the form f(x) <> 0
Identify the roots (critical values) f(x) =
Sketch the graph to identify the ranges of x for which the inequality is satisfied

EXAMPLE v
Solve x3 —2x2 —-5x+6>0 10

x3—2x>—-5x+6=0
x—1Dxx-3)(x+2)=0

{xeR: —2 <x <1} U {xeR: x > 3} )

Algebraic Fractions
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Multiply through by the square of each denominator and solve as above

EXAMPLE .
Solve szxl > x 2x(x—1) > x(x —1)?
2x% —2x>x3 —2x%+x

x3—4x*>+3x<0
x(x—-3)x—-—1)<0

NoE oo @

———t : > x
4 3 2 A sts

{xeR: x < 0}U{xeR:1 < x < 3}

Graphs

Rational Functions

Linear denominator and numerator : y = Zi:lz 1 vertical asymptote and 1 horizontal asymptote
Example
Sketch the graph of y = 3;_;12 Vertical Asymptote :x+1=0 x=-—1
ey Horizontal Asymptote :
7+ divide all terms by the highest power of x
6-_
o1 ﬁ asx - o ﬁ—>3 =3
= o
f:/ ,
765432 .11-{% 2345 Check axis intercepts x =0 y= -2 y=0 x= 3
3_
aH-

Quadratic denominator and/or numerator
Find the asymptotes as above but the graph may cross the horizonal asymptote
If the denominator has no real roots then there is no vertical asymptote
A graph may have an oblique asymptote instead of a horizontal asymptote (see below)

EXAMPLE

2
Sketchthegraphofy=% x=0y=4 y=0x=-2 <Y

Vertical asymptote x = -1
Dividing through by x? results with an IR
expression that is undefined as x = oo 1
12345 )
Instead work out (x? + 4x +4) + (x + 1)

which gives x + 3 (and a remainder of 1)

The equation of the oblique asymptoteisy = x + 3

Stationary points — using the discriminant
To find stationary points set f(x) = k and rearrange to form an equation ax? + bx +c¢ =0
Calculate the discriminant
b? — 4ac > 0 the liney = k intersects the graph twice
b? — 4ac < 0 the liney = k goes not intersect the graph
b? — 4ac = 0 the line touches the graph at a stationary point where y = k
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Conic Sections

2 . X2 yP
Parabolas y“ = 4ax Ellipses ZtE= 1

x +
52 32
24
1+

p a>b LI IR
b major axis = 2a 27

minor axis = 2b 4t
Hyperbolas Rectangular Hyperbola (hyperbola where a = b)
xZ yZ _ _ b _ 2
25z — 1 asymptotes y = +-x xXy=c¢c
Y
5-_
4_-
34
24
S
5 Eh s 12545
Transformations
. a .
Translation [b] Replace x with (x — a)
Replace y with (y - b)
Reflection in the liney = x Replace x with y and vice versa
Stretch Parallel to the x-axis scale factora  Replace x with =
Stretch Parallel to the y-axis scale factor b  Replace y with %
8. Integration
Volumes of revolution
=b =b
Rotation about the x — axis fx_ wy?dx Rotation about the y — axis fy_ x?dx
x=a y=a

Don’t forget the i in your answer
Mean value of a Function

favg = 5= I;, f(x) dx

X
9. Vectors (3D)  xi+yj+zk [y]
Z

Magnitude |xi +yj + zk | = /x2 + y2 + 22

Straight lines  Vector Form r = a + Ab a:position vector b:direction vector (parallel to the line)
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Cartesian form : ==t = == (x,y,X) is a general point on the line
3

T=a+/1b a=a1i+a2j+a3k
b:bll+b2]+b3k

EXAMPLE
Find the vector equation of the line with cartesian equation %3 = ygi = Z;—S
r=(3i—j+5k)+ A(2i + 3j + 4k)

Pairs of lines can - be parallel (look at direction vector)
- intersect - a solution exists when solving simultaneously for all 3 variables
- be skew (never meet) — no solution when solving simultaneously

Scalar product a.b = |a||b|cos@  where 0 is the angle between vectors a and b when both directed
away from the same point a.b = a{bq + ayb, + az b3

a
0 Perpendicular vectors have scalar product of zero
b
Finding the angle between 2 lines cos8 = l;’ﬁ)l
0 4 -7 -3
EXAMPLE: Find the acute angle between the lines r = |7| + « —3] and r=|11|+1]0 ]
4 1 8 2

Using the direction vectors
Leta=4i-3j+k andb=-3i+2k
ab=4x-3-3x0+1%x2=-10 lal = V26 |b| = V13

— -1 (_—10 _ ° _c0
6 = cos (\/%x/ﬁ) =123 Acute angle =57

Perpendicular distance from a point to a line - shortest path

EXAMPLE

Relative to a fixed origin O, the point A has position vector (8i + 13j — 2k), the point B has position vector

(10i + 14j — 4k), and the point C has position vector (9i + 9j + 6k).
Find the shortest distance from the point C to the line passing through A and B

General point on line AB (point D)= (8i + 13j — 2k) + A(2i +j - 2k)
=(8+2A)i+ (13 +A)j+(-2-2A)k

CD =(9—(8+2A)i+(9—(13+A))j+(6-((-2-2N)k
=(1-2N)i+ (-4 —A)j+ (8 + 2Nk

Perpendicularif (2i+j-2k).(1-2A)i+(-4—-A)j+ (8 +2A)k=0

2(1-2M\) +1(-4—N\)-2(8+2\) =0
2-4A—-4-\-16-4r=0
-18-9A=0 A=-2

WhenA=-2 D=4i+11j+2k C=9i+9j+6k
Distance between Cand D = /(9 — 4)2 + (9 — 11)2 + (6 — 2)2
=345
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Perpendicular distance between parallel lines - pick a fixed point on one of the lines and complete as in the
above example

Shortest distance between 2 skew lines
(a—c).(bxd)
|bxd|

rir=a+ Ab and r,=c+ ud Shortest distance =

10. Polar Coordinates

. P has polar coordinate (r,8)

\Q— Positive ©
6
— Negative 0

The pole® The initial line -
Polar — Cartesian
¥ X = rcosf y = rsinf

r 2= x? +y?
X tan9=X
i X

Plotting Curves and Graphs

r=a

circle centre (0,0)

radius a

0=a«a

Straight line (semi-

r=2acos®©

r=2asin0

infinite/half line) m
AN | LA SE

Hints for sketching curves

e ifris expressed as a function of cos only - symmetrical about the initial line

e ifris expressed as a function of sin only - symmetrical about the line 8 = g

o ifr > 0as 8 — oothentheline 8 = ais atangent to the curve at the pole

e NEGATIVE VALUES of r are not allowed —if r < 0 in the interval @ < 8 < 8 then there is no curve in this interval

11. Hyperbolic Functions

You need to learn these are they are not given in the formula booklet

eX_e~X _ e2X_1

eX+e~X  e2X41

—e

sinhx = %(ex —e™) coshx = %(ex +e7%) tanhx =

EXAMPLE Find the exact value of cosh (In4)
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1 —
cosh(ln4) = - (elnt 4 = (n1)
1 1 17
=3(4+3) =%
Identity : cosh?x — sinh?x =1

Graphs of hyperbolic functions

y=sinh x y=cosh x
Yy

¥

W

Y=tanh x

Inverse hyperbolic functions — given in the formula booklet

sinh™1x = ln(x +Vx2Z + 1) cosh™1x = ln(x +Vx2Z — 1)
x =1
EXAMPLE : Solve artanh x =1n4
1 1+x 1+x
Eln (E) = [n4 In (E) = [nl6
1+x

— =16

1-x
1+x=16 —16x

15
17

X =

Identities : coth?x — 1 = cosech®x

EXAMPLE

Solve 2coth?x — 5cosechx = 5
(answers in exact form)

Using coth?x = cosechx + 1

2(cosechx + 1) — 5cosechx =5

2cosechx + 2 — 5cosechx —5 =10

2cosechx — 5cosechx —3 =0

(2cosechx + 1)(cosechx —3) =0

1
cosechx = —3 cosechx = 3
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sinhx = =2

T
smx—3

tanh™'x = %ln (ﬂ)

1-x
x| <1

1 — tanh?x = sech?x

x = sinh™1(-2)

=ln (-2 ++/(-2)2+1)
=In (-2 + V5)

x = sinh™?! (%)

=In G + (§)2 +1)

=1n(§+\/g°)




